Introduction {#Sec1}
============

The infectious diseases was always a challenge of scientific to prevent the pandemic spreading. Virology, biology, medicine, epidemiology as well as mathematical modeling are involved in the understanding and fights against the spreading of virus. Mathematicians have addressed this problem several years ago, giving birth to a new pattern of the epidemiology, the so-called "mathematical epidemiology", \[[@CR1], [@CR8], [@CR9], [@CR13], [@CR25]\]. Compartmental models was built, with several configurations, to describe the dynamic of the virus, \[[@CR5], [@CR9], [@CR19], [@CR21], [@CR22], [@CR25]\]. In 1927, the concept of threshold was highlighted by Kermack and Mc Kendrick who established the famous threshold theorem \[[@CR13]\]. It was proved that a threshold, representing the number of new cases resulting by an infectious individual in a susceptible population, and quantified by the basic reproduction number $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathscr {R}}_0$$\end{document}$ aims to ensure the stability of an equilibrium, mainly, a Disease-Free Equilibrium (DFE), since if $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathscr {R}}_0>1$$\end{document}$, \[[@CR3], [@CR6], [@CR7], [@CR13], [@CR18]\].

In this work we are interested by the new disease Covid-19. It is well known that this disease is caused by SARS-CoV-2 virus which is a member of Coronavirus family. Covid-19 causes respiratory infections that may escalate to severe effects. The main transmission routes of the SARS-CoV-2 virus are through coughing, sneezing, contacting infected people, or touching items or surfaces that are contaminated with fecal traces \[[@CR2]\]. The severity of this virus lies in its spreading speed throughout the world to becomes an epidemic.

In absence of the vaccine, governments adopted different types of strategies to prevent worsening of the epidemic, as containment, quarantine,\... Against to government that opt for no restriction of people moving and following the idea that virus when infecting population, this last becomes immune to it and then the pandemic decreases to be a standard influenza infection, the Moroccan government has taken several measures to prevent the propagation of the virus: the hospital isolation of the individual that are confirmed to be infected, the quarantine of interacting people and the strictest containment strategy was imposed across the country, to restrict the population mobility.

Our goal in this work is to build a modified compartmental epidemiological (SIR) model describing the transmission of the SARS-CoV-2 virus under the policies adopted in Morocco. In this model we incorporates the isolation of infected people, we take account on the people moving freely and are infected but don't have symptoms and added the measure of the quarantine of the people interacting with an affected individual. The model is then described by a dynamical system enclosing a closed population with Susceptible (*S*), confirmed Infected (*I*), Asymptomatic (*A*), Quarantined (*Q*), Recovered (*R*) and Died (*D*), peoples respectively. In literature, Several papers analyze the evolution of Covid-19 disease using (SIR) models, \[[@CR4], [@CR10]--[@CR12], [@CR14], [@CR15], [@CR20], [@CR24], [@CR27]\], in which asymptomatic and quarantined peoples are considered. the aim of these works is the calculus of the basic reproduction number $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathscr {R}}_0$$\end{document}$, the study of the local and global equilibria stability and to analyze the impact of several factors as seasonal succession \[[@CR24]\], meteorological conditions, vaccination strategy, free medical care for the diagnostic COVID-19 patient, \[[@CR11]\] and some local control strategies adopted for some cities \[[@CR12]\]. In some cases, an attention is given to stochastic approach, \[[@CR15]\].

Our approach is different, since the relationship between the compartments is different, we observe that the totality of confirmed infected individual comes from the asymptomatic infected and quarantined people not from susceptible as explained in the beginning of the following section. The second feature lies in the fact that the model does not admit a stable endemic equilibrium point, but several Disease-Free Equilibria (DFE), since a coexistence of a stable number of infected and uninfected people is not realistic due to the nature of Covid-19 virus spreading. Actually, as observed, after the containment breaking, the number of new contamination increases in several countries. Finally, our object is different, since we establish a relationship between the pertinence of the containment strategies and a containment control coefficient.

Based on those considerations we build the model, study the positivity, boundness and calculate the basic reproduction number $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathscr {R}}_0$$\end{document}$ for a Disease-Free Equilibrium. We discuss the containment strategy and establish a relationship between $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathscr {R}}_0$$\end{document}$ and the containment control coefficient $\documentclass[12pt]{minimal}
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                \begin{document}$$c_0$$\end{document}$, describing the degree of containment. We simulate several scenarios by changing $\documentclass[12pt]{minimal}
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                \begin{document}$$c_0$$\end{document}$ and analyze the peaks of different situations and diagram phases. We highlight in these simulations the required relation between the $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathscr {R}}_0$$\end{document}$ together with the stability of a (DFE). Finally, we investigate in the simulations a worst scenario in which the containment is not respected in the same way with time, which leads to different coefficient $\documentclass[12pt]{minimal}
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                \begin{document}$$c_0$$\end{document}$, corresponding to three phases in the Morocco containment, we produce simulations that are very close to real data of active infected in Morocco.

This paper is organized as follows, in the second section we describe the model compartments, study the positivity, compute the basic reproduction number $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathscr {R}}_0$$\end{document}$. In Sect. [3](#Sec5){ref-type="sec"}, we introduce the containment and establish the relation between $\documentclass[12pt]{minimal}
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                \begin{document}$$c_0$$\end{document}$. Section [4](#Sec6){ref-type="sec"}, is devoted to simulations and discussion. We termine by a conclusion and perspectives.

Mathematical model {#Sec2}
==================

Model without containment {#Sec3}
-------------------------

Our model is a modified (SIR) model, it is conceptually different from literature \[[@CR11], [@CR12], [@CR15], [@CR24]\] since to build our model we formulates some assumptions governing the interaction between compartments: firstly, we assume that the totality of confirmed infected individual comes from the asymptomatic infected and quarantined people not from susceptible. In fact, a susceptible person can be contaminated by an asymptomatic infected individuals and then becomes themselves, in the first step, asymptomatic infected. Indeed, in one hand, the contaminated individuals are contagious when they are asymptomatic, otherwise, they are hospitalized and isolated and then can't infect others. On the other hand, once infected, a susceptible person goes through a virus incubation period (3--14 days) \[[@CR2]\], at this stage, this person has no symptoms.

Secondly, we assume that the time scale is short enough so that natural births and deaths are neglected. We suppose also that a recovered person will be immunized and can't be infected again.

Finally, we suppose that the population is closed and divided on six compartments of individuals, that are, *S*(*t*) Susceptible, *I*(*t*) Infected, *A*(*t*) Asymptomatic infected, *Q*(*t*) Quarantined, Recovered *R*(*t*) and Dead *D*(*t*).

The evolution of susceptible people is given by the following equation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\dot{S}}(t) =-S\beta (A+\alpha I)+\xi Q, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$-\beta SA$$\end{document}$ describes susceptible individual that interacts with asymptomatic infected individuals, acquires infection with transmission rate (contact rate) $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$ and becomes hence asymptomatic infected. $\documentclass[12pt]{minimal}
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                \begin{document}$$-\alpha \beta SI$$\end{document}$ models the proportion of susceptible people who have contacted a confirmed infected individual and are putted in quarantine with rate $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi Q$$\end{document}$ is the proportion of quarantined population that are negatively diagnosed with a release rate of quarantined compartment $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi $$\end{document}$.

The second equation describes infected individuals$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\dot{I}}(t) =\theta Q +\delta A-(\mu +d_I)I. \end{aligned}$$\end{document}$$The term $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta Q$$\end{document}$ describes the proportion of quarantined people that are diagnosed positive, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta $$\end{document}$ is the rate of becoming contaminated. $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta A$$\end{document}$ is the proportion of asymptomatic people that becoming symptomatic with a rate $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu I$$\end{document}$ represents the portion of recovered people and $\documentclass[12pt]{minimal}
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                \begin{document}$$d_I$$\end{document}$ is the disease death rate.

The third equation describes the evolution of asymptomatic infected people,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\dot{A}}(t) = \beta SA-(\delta +\lambda )A, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda A$$\end{document}$ represents the portion of asymptomatic individual that recovering by their own immune systems, $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$ is the recovering rate.

The equation of quarantined individual is given as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\dot{Q}}(t) = \alpha \beta SI-(\xi +\theta ) Q, \end{aligned}$$\end{document}$$all terms are already evoked.

Equations of recovered and died peoples are respectively$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\dot{R}}(t) = \mu I+\lambda A, \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\dot{D}}(t) = d_II. \end{aligned}$$\end{document}$$The schematic diagram of all compartments interconnection is given in the Fig. [1](#Fig1){ref-type="fig"}.Fig. 1Diagram of the transition between compartments

All parameters involved in the model are positive constants.

Using the above depiction, the dynamical system modeling the spread of the SARS-CoV-2 virus is given as follows:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left\{ \begin{array}{l} {\dot{S}}(t) =-\beta S(A+\alpha I)+\xi Q, \\ {\dot{I}}(t) =\theta Q +\delta A-(\mu +d_I)I, \\ {\dot{A}}(t) = \beta SA-(\delta +\lambda )A, \\ {\dot{Q}}(t) = \alpha \beta SI- (\xi +\theta ) Q,\;\;\;\;\;\; \text{ on } [0,t_{f}]\\ {\dot{R}}(t) = \mu I+\lambda A,\\ {\dot{D}}(t) = d_II,\\ with \\ S(0)=S_{0},\; I(0)=I_{0},\; A(0)=A_{0},\; Q(0)=Q_{0},\; R(0)=R_{0},\; D(0)=D_{0}. \end{array} \right. \end{aligned}$$\end{document}$$The total accumulative population $\documentclass[12pt]{minimal}
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                \begin{document}$$N:=S(t)+I(t)+A(t)+Q(t)+R(t)+D(t)$$\end{document}$ is constant since$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \dfrac{dN}{dt}=0. \end{aligned}$$\end{document}$$First of all, it is natural to ask whether this dynamical system provides a non-negative trajectories or not.

### Proposition 1 {#FPar1}

All trajectories of the the system ([1](#Equ1){ref-type=""}) starting in $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}^6_+$$\end{document}$ are non-negative.

### Proof {#FPar2}

Remark firstly that from the equation of asymptomatic infected population in system ([1](#Equ1){ref-type=""}), we get$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\dot{A}}(t)= (\beta S-\delta -\lambda )A, \end{aligned}$$\end{document}$$which implies that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} A(t)=A(0)e^{\displaystyle \int _{0}^{t}(\beta S(\tau )-\delta -\lambda )d\tau }. \end{aligned}$$\end{document}$$Hence, for $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} A(t)\ge 0,\;\forall \;t\ge 0. \end{aligned}$$\end{document}$$Now we check the sign of vector field in the boundaries of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}^6_+$$\end{document}$. For $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\dot{I}}(t)=\theta Q +\delta A\ge 0, \end{aligned}$$\end{document}$$so, the vector field of *I* is pointed inside $\documentclass[12pt]{minimal}
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                \begin{document}$$S,\;I\ge 0$$\end{document}$ we obtain$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\dot{Q}}(t) = \alpha \beta SI\ge 0, \end{aligned}$$\end{document}$$and hence the vector field of *Q* is pointed inside $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}^6_+$$\end{document}$. Using the same argument we prove that vector fields of *S*, *R* and *D* are pointed inside $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}^6_+$$\end{document}$. We conclude then that all trajectories starting in $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}^6_+$$\end{document}$ remains in it thereafter. $\documentclass[12pt]{minimal}
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### Proposition 2 {#FPar3}

All trajectories of the system ([1](#Equ1){ref-type=""}) starting in $\documentclass[12pt]{minimal}
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### Proof {#FPar4}

The positivity of the trajectories and the fact that $\documentclass[12pt]{minimal}
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                \begin{document}$$\dfrac{dN}{dt}(t)=0$$\end{document}$, leads to boundedness of them. It follows that all trajectories starting in $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathscr {R}}_0$$\end{document}$ {#Sec4}
-------------------------------------------------------------------

A practical and efficient tool to prevent the spread of an epidemic, is the basic reproduction number $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathscr {R}}_0$$\end{document}$, it can be interpreted as "the number of secondary infections resulting from a single primary infection into an otherwise susceptible population", see \[[@CR3], [@CR18]\]. Mathematically, we are interested by the value of $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathscr {R}}_0$$\end{document}$ at an equilibrium corresponding to a constant susceptible population in absence of the infectious agent, commonly called the disease-free equilibrium (DFE). $\documentclass[12pt]{minimal}
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For the proof we can see \[[@CR3]\].

Containment {#Sec5}
===========
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To avoid the outbreak of the pandemic, the transmission rate must be controlled, but it is well known that $\documentclass[12pt]{minimal}
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Corollary 1 {#FPar6}
-----------
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Proof {#FPar7}
-----
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Numerical simulations {#Sec6}
=====================

Our hope in this section is to illustrate with simulations the outcomes of previous sections. Let us first discuss the estimation of the parameters values based on literature and the publicly announced data by Moroccan government. The contamination rate$$\documentclass[12pt]{minimal}
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We simulate the actual and forecast evolution of the epidemic in Morocco under different values of the control coefficient $\documentclass[12pt]{minimal}
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Worst scenario {#Sec7}
--------------

In this subsection of simulation we would test a worst case in which the home containment is not respected in the same way throughout all duration of the containment. This fact can be interpreted by the changing in the containment control coefficient. As remarked in the pandemic situation in Morocco, the confinement passes through three phases: the first phase was the establishment of the containment, the second phase was the prolongation of it with less respect, and the third phase is the actual critical phase in which the containment is very badly respect by population and a widely non-compliance with the instructions is observed.Fig. 10Evolution of infected population with three phases of home containment (red curve). Evolution of the real active infected population (star curve)Fig. 11Diagram phase susceptible/infected population (*S*, *I*) with different values of the control containment coefficient $\documentclass[12pt]{minimal}
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Conclusion {#Sec8}
==========

In this work, a (*SIAQRD*) was built, integrating asymptomatic people and the isolation of infected person, the quarantine of contacting people and the home containment of all population, strategies. It is established by theoretical investigation and illustrated by simulations that the level of containment is very important to prevent the disease spreading in the absence of vaccine. Several scenarios are tested with different values of the containment control coefficient $\documentclass[12pt]{minimal}
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                \begin{document}$$c_0$$\end{document}$ was carried out, showing that, a home containment not suitably practiced may lead to a persistence of the pandemic beyond the provided period.

However, we know that the information on the evolution of the pandemic depends on various factors, as the number of tests, which vary considerably each day, detection of person who contacting an infected people,\... So, without full data on the real evolution of the pandemic, especially for asymptomatic infected people, it is very hard to estimate parameters, our contribution on the estimation of them is an assignment that must be performed in the next work. Secondly, the choice of containment control values are made theoretically, and it is shown that some values coincide with the real situation in Morocco, it will be interesting to correlate these values with a percentage of the quality of the home containment level, obviously with an important work on the quantification of the confinement.
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